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We have theoretically studied acoustic phonon spectra and phonon propagation in rectangular nanowires
embedded within elastically dissimilar materials. As example systems, we have considered GaN nanowires
with AlN and plastic barrier layers. It has been established that the acoustically mismatched barriers dramati-
cally influence the quantized phonon spectrum of the nanowires. The barriers with lower sound velocity
compress the phonon energy spectrum and reduce the phonon group velocities in the nanowire. The barriers
with higher sound velocity have an opposite effect. The physical origin of this effect is related to redistribution
of the elastic deformations in the acoustically mismatched nanowires. In the case of the “acoustically slow”
barriers, the elastic deformation waves are squeezed in the barrier layer. The effect predicted for the nanowires
embedded with elastically dissimilar materials could be used for reengineering phonon spectrum in
nanostructures.
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Acoustic phonons play an important role in determining
the properties of semiconductors and their heterostructures
and nanostructures. In many technologically important semi-
conductors, acoustic phonons determine the thermal conduc-
tivity, contribute to relaxation and recombination of charge
carries, and limit the charge carrier mobility. In nanostruc-
tures with the feature size W smaller then the phonon mean-
free path �MFP� �p, the quantization of spatially confined
acoustic phonons influences the electron-phonon scattering
rates.1–5 The modification of the acoustic phonon dispersion
in semiconductor superlattices has been mostly studied, both
experimentally6 and theoretically, using the elastic con-
tinuum model.7

There has been very limited work done on the phonon
confinement effects in nanowires with the inclusion of the
effect of the nanowire barriers. Mingo and Yang8 reported
results of the atomistic study of phonon transport in Si nano-
wires coated with amorphous material using the Green’s
function method. Here we use a completely different, elastic
continuum, approach to investigate rectangular nanowires
embedded into acoustically mismatched, i.e., elastically dis-
similar, materials. We demonstrate numerically that the
acoustically mismatched barriers dramatically influence the
quantized phonon spectrum of the nanowires.

The acoustic hardness of the material is characterized by
the acoustic impedance �=�Vs, where � is the mass density
of the material and Vs is the sound velocity in a given mate-
rial. In this paper, as example material systems, we consider
the GaN nanowire and two very different types of the barrier
materials. The first is commonly used AlN, and the second is
plastic. The acoustic impedance mismatch between GaN and
plastic is very large ��GaN� /��plastic��25. It is smaller for
the GaN/AlN interface, e.g., ��GaN� /��AlN��1.3 for the
transverse acoustic �TA� phonon modes. The sound velocity
Vs has been used as another parameter to characterize the
effects of the boundaries. Thus, in the discussion to follow,
we will use the following terminology: “acoustically soft”
for the material with small � and “acoustically slow” for the
material with small Vs.

We consider a generic rectangular nanowire, which forms
a potential quantum well, confined in a rectangular barrier
shell. It is assumed that GaN crystal lattice has a wurtzite
structure with reference axis c along the nanowire axis. The
axis X3 of the Cartesian coordinate system is directed along
the c axis, while axis X1 and axis X2 are in the cross-sectional
plane of the nanowire, parallel to its sides �see insets to Fig.
1�. The origin of the coordinate system is in the center of the
nanowire. The lateral dimensions of the rectangular nanowire
itself are denoted by d1

�1� and d2
�1�, while the total lateral di-

mensions �nanowire thickness plus barrier thickness� are d1
and d2, correspondingly. For comparison, we calculate the
phonon dispersion for both types of nanowires: with and
without barrier layers.

The equation of motion for elastic vibrations in an aniso-
tropic medium can be written as

�
�2Um

�2t
=

��mi

�xi
, �1�

where U= �U1 ,U2 ,U3� is the displacement vector, � is the
mass density of the material, �mi is the elastic stress tensor
given by �mi=cmikjUkj, and Ukj = �1/2����Uk /�xj�
+ ��Ui /�xk�� is the strain tensor. The normal acoustic phonon
modes in an isotropic rectangular quantum wire without the
barrier shell �ciklm=const� have been studied in Ref. 9 and,
for the cubic crystal rectangular quantum wire, by Nishigu-
chi et al.10 It has been established that for the rectangular
nanowire without barrier layers, the general solutions can be
written in the form of the power series �x1 /d1�n�x2 /d2�m.
When a nanowire with barriers is studied, one has to take
into account the fact that the investigated structure is inho-
mogeneous in the cross-sectional plane of the wire �X1 ,X2�.
The latter affects the calculation of derivatives in Eq. �1�
since the elastic modulus cmikj�x1 ,x2� and the mass density of
the material ��x1 ,x2� are the piece wise functions of x1 ,x2.

We have used the standard system of the two-index nota-
tions. In the wurtzite crystals of hexagonal symmetry �space
group C6v

4 �, there are five different elastic modules: c11, c33,
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c12, c13, and c44, which are related to each other through the
following equalities c11=c1111=c2222, c33=c3333, c12=c1122
=c2211, c13=c1133=c3311=c2233=c3322, c44=c1313=c3131, c55
=c44, c66=c1212=c2121= �c11−c22� /2. We have solved Eq. �1�
using the approach outlined in Refs. 11 and 12.

The considered structure has two distinctively different
symmetry planes and four possible types of the propagating
phonon waves, which are the solutions of the elasticity
equation.10 These solutions can be denoted as dilatational
�D�: u1

AS�x1 ,x2� ,u2
SA�x1 ,x2� ,u3

SS�x1 ,x2�→ui
D; flexural type I

�F1�: u1
AA�x1 ,x2� ,u2

SS�x1 ,x2� ,u3
SA�x1 ,x2�→ui

F1; flexural type II
�F2�: u1

SS�x1 ,x2� ,u2
AA�x1 ,x2� ,u3

AS�x1 ,x2�→ui
F2; and shear �Sh�:

u1
SA�x1 ,x2� ,u2

AS�x1 ,x2� ,u3
AA�x1 ,x2�→ui

Sh. Here SA and AS
�symmetric and asymmetric� indicate whether the mode is
even or odd with respect of the operation of the sign conver-

sion of the corresponding variable, i.e., f�x1 ,x2�= f�−x1 ,x2�
= f�x1 ,−x2�→ fSS�x1 ,x2�, etc.

The outside boundaries of the nanowire, i.e., outside sur-
faces of the barrier shell, can be either clamped or free. In the
case of the clamped boundaries, the boundary conditions on
the outside surfaces of the nanowire barrier shell have the
form w1=w2=w3=0, while in the case of the free boundaries
P1= P2= P3=0, where Pi=�iknk is the force component and
nk is the component of the unitary vector normal to the outer
surface. The solutions of Eq. �1� with the given boundary
conditions have been found numerically using the finite-
difference method. We obtained the phonon dispersion rela-
tions for all four types of the phonon polarizations with both
free and clamped external boundary conditions for the barrier
layers. The calculations were carried out for the nanowires
with the cross section 2 nm�3 nm embedded within acous-
tically slow barrier material and acoustically fast barrier ma-
terial. The complete cross sections of the nanowire with the
barrier layers were 4 nm�6 nm and 6 nm�9 nm. To better
elucidate the phonon redistribution effects in the nanowire
coated with the acoustically mismatched barrier layer, as an
example of the acoustically soft and acoustically slow
�Vs�GaN� /Vs�plastic��4� material, we have used plastic.
The unconventional choice of the material system for the
barrier is entirely to better elucidate the phonon spectrum
modification and the phonon depletion effect. Other materi-
als systems with small � and Vs will lead to similar results.
Practical examples of heterostructures with large acoustic
impedance and sound velocity mismatch, such as organic-
inorganic heterostructures are available.13–15 A different type
of the barrier material considered in this work is AlN. AlN is
slightly acoustically softer than GaN���GaN� /��AlN��1.3�.
At the same time, AlN has much higher sound velocity, e.g.,
Vs�AlN� /Vs�GaN��1.5�1.3� for the transverse �longitudi-
nal� phonon modes. In order to investigate the effect of the
barrier shells on the phonon spectrum, we also calculated
phonon dispersion in the nanowires without barriers, which
have cross sections of 2 nm�3 nm in one case and 4 nm
�6 nm or 6 nm�9 nm in another case. The values of the
elastic constants used in the calculations were taken from
Refs. 11 and 16.

Due to a large number of phonon branches of all polar-
izations present in the rectangular nanowire, we mostly focus
on the dilatation polarization branches. In Figs. 1 and 2, we
present the plots of the phonon dispersion for the dilatational
polarization in the “bare” GaN nanowire of 2 nm�3 nm
cross section �Fig. 1�a��, 4 nm�6 nm cross section �Fig.
2�a��, GaN nanowire with AlN barriers of the 4 nm�6 nm
and 2 nm�3 nm nanowire cross sections �Fig. 1�b�, Fig.
2�b��, GaN nanowire with plastic barriers of the 4 nm
�6 nm and 2 nm�3 nm nanowire cross sections �Fig. 1�c�,
Fig. 2�c��. Note that Fig. 1�a� shows the lowest phonon
modes for all four polarization types: F1, F2, D, and Sh. For
the GaN wire of the 2 nm�3 nm cross section, one has
nmax=15 phonon branches �n

����q� of each polarization. In
the nanowires of the 4 nm�6 nm cross section, the number
of branches of each polarization is already equal to 59, while
in the nanowires of the 6 nm�9 nm cross section, this num-
ber increases to 135. Since the lattice constants for GaN and

FIG. 1. Phonon dispersion for the dilatational modes for the
free-surface boundary conditions at the external barrier boundary.
The results are shown for �a� GaN nanowire of the 2 nm�3 nm
cross section without the barriers; �b� GaN nanowire with acousti-
cally fast AlN barriers of the 4 nm�6 nm and 2 nm�3 nm GaN
nanowire cross sections; and �c� GaN nanowire with acoustically
slow barriers of the 4 nm�6 nm and 2 nm�3 nm GaN nanowire
cross sections. Note that in panel �a�, in addition to the dilatational
polarization, all other polarizations such as flexural �F1 and F2� and
shear �Sh� are also shown for the ground level n=0.
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AlN are similar, i.e., a�GaN�=0.318 nm, while a�AlN�
=0.311 nm, the calculation of nmax= �d1d2� /4a2 for the nano-
wire with either GaN or AlN lattice constants gives approxi-
mately the same result. In Figs. 1�b�, 1�c�, 2�b�, and 2�c�, we
depict the five lowest phonon branches and the higher
branches with numbers 8, 18, 28, 38, 48, and nmax=58.

The phonon dispersions in Fig. 2�b� and 2�c� are plotted
for the clamped boundary conditions �CBC� at the outside
surface of the barrier layers. The rest of the curves are plot-
ted for the free-surface boundary conditions �FBC� at the
outside surface of the barrier layers. In the case of the
clamped outside boundaries �Fig. 2�b� and 2�c�� the bulk-like
phonon branches are absent in the phonon spectra, and all
phonon energy levels are size quantized. In both free-surface
and clamped-surface cases, the difference in the sound ve-

locities of the nanowire and the barrier materials consider-
ably influence the low-energy part of the phonon spectra.
The cross-section area of the nanowire also exerts a signifi-
cant effect. As one can see from the comparison of the plots
in Figs. 1�a�–1�c� and Figs. 2�a�–2�c�, the change of the out-
side boundary conditions from the free surface to the
clamped surface and the reduction of the cross-section area
lead to enhancement of the size quantization in the low-
energy part of the phonon spectrum but only weakly influ-
ence the high-energy branches. The latter can be explained
by the fact that the position of the high-energy levels is
mostly determined by the inverse of the lattice parameter
1 /a, whereas the dimensional quantization in the low-energy
part of the spectrum depends on 1/d.

The influence of the elastic properties of the barrier shells
is seen very well in the dilatational phonon spectra of the
embedded nanowires. The acoustically soft and slow barrier
layers lead to the increased density of the phonon branches
per energy interval while the acoustically fast barrier layers
lead to the density decrease. In the nanowire of the 4 nm
�6 nm cross section, the energy interval of 6 meV �see Fig.
2�a�� includes the first nine branches, while the energy inter-
val of 18 meV includes all calculated spectrum for ��k=0�.
In comparison with generic slabs, i.e., thin films, the phonon
spectrum of nanowires with and without barrier layers is
characterized by a larger number of branches nmax due to the
spatial confinement in two lateral directions and lower den-
sity of phonon branches per unit energy interval. The de-
scribed strong dependence of the acoustic phonon spectrum
on the barrier shell material can be used to tune phonon
spectrum and change the phonon-electron scattering rates.

The acoustic phonon group velocity plays an important
role in the semiconductor thermal conductivity. Let us ana-
lyze how the barrier shells of the rectangular nanowires in-
fluence the phonon group velocity. The average frequency-
dependent phonon group velocity is calculated using the
following definition:

v̄��� =
1

4�
�

g����

�n��� �vn
�����−1

. �2�

Here the summation is carried out over all dispersion
branches n��� contained in the frequency interval �, and
g������ is the number of the phonon branches. Figure 3 pre-
sents the phonon group velocities averaged over all branches
from n=0 to nmax and over all polarizations types for nano-
wires with the free-surface boundaries at the outside surface
of the barrier layers. The group velocity curves v̄��� are
strongly oscillating functions due to the presence of many
quantized phonon branches n��� and the fast variation of the
derivatives vn

������−1= �dqn
������� / �d�� with �. One can see

in Fig. 3 that the presence of the acoustically soft and slow
plastic barriers has led to a strong reduction of the phonon
velocity in the GaN nanowires of the 2 nm�3 nm and
4 nm�6 nm cross sections in comparison with GaN nano-
wires without barriers. The presence of AlN barriers, charac-
terized by the high sound velocity, leads to an opposite effect
of increasing the phonon group velocity in the nanowire �see
Fig. 3�.

FIG. 2. Phonon dispersion for the dilatational modes for the
clamped-surface �b�, �c� and free-surface �a� boundary conditions at
the external barrier boundary. The results are shown for �a� GaN
nanowire of the 4 nm�6 nm cross section without the barriers; �b�
GaN nanowire with acoustically fast AlN barriers of the 4 nm
�6 nm and 2 nm�3 nm GaN nanowire cross sections; and �c�
GaN nanowire with acoustically slow barriers of the 4 nm�6 nm
and 2 nm�3 nm GaN nanowire cross section.
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It is important to point out that simple averaging of the
elasticity modules and mass densities in the considered nano-
wires with the barrier layers, like it is done in the effective
medium approximations, would not have led to such velocity
dependence on the barrier structure. The physics of the effect
can be elucidated by considering the distribution of the dis-
placements w�x1 ,x2 ,q� in the cross-sectional plane of the
nanowire with acoustically mismatched barrier layers. Figure
4�a� shows the distribution of the dilatational components
w3,n=10

�D� �x1 ,x2 ,q=0.4 nm−1� in the nanowire cross section.
Figure 4�b� shows the distribution of w

�,n=10
�D� �x1 ,x2 ,q

=0.4 nm−1� of the same dilatational mode. One can see from
these figures that the displacement vectors of a given mode
are concentrated mainly in the acoustically slow barrier shell
of the nanowire. The phonon depletion in the acoustically
hard material is reinforced in the coated nanowires, com-
pared to thin films,17 due to spatial confinement along the
two lateral directions.

In summary, we have studied acoustic phonon spectra and
phonon propagation in rectangular nanowires embedded
within elastically dissimilar materials. It has been established
that the acoustically mismatched barriers influence the quan-
tized phonon spectrum of the quantum wires. Modification of
the acoustic phonon dispersion in the nanowires embedded

within the elastically dissimilar materials could be used for
reengineering of the phonon spectrum and enhancement of
the thermal and charge carrier transport in nanodevices. The
acoustic impedance and sound velocity mismatch at the
nanowire-barrier interface can become important tuning pa-
rameters for phonon engineering.
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FIG. 3. Polarization and mode averaged phonon group velocities
as the function of the phonon frequencies for different GaN nano-
wires with the free-surface outside boundaries.

FIG. 4. Distribution of the displacement vector components in
the cross-sectional plane of the free-standing GaN nanowire with
the acoustically slow barrier layers. The total cross section of the
nanostructure is 4 nm�6 nm, the cross section of the nanowire
core is 2 nm�3 nm. The results are shown for �a� w3,n=10

�D�

��x1 ,x2 ,q=0.4� and �b� w
�,n=10
�D� �x1 ,x2 ,q=0.4�.
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